A unified expression has been obtained for two-center one-electron molecular integrals over Slater type orbitals with integer and noninteger principal quantum numbers by the use of the expansion formula for the product of two normalized associated Legendre functions. The presented expression for two-center one-electron molecular integrals contains the expansion coefficients a kk us and Mulliken integrals A n and B n . The efficiency of the presented calculation has been compared with that of other methods, indicating good convergence and great numerical stability for a wide range of quantum numbers, orbital exponents and internuclear distances.
Introduction
The evaluation of multicenter integrals over various basis functions or orbitals contained in the HartreeFock-Roothaan (HFR) approximation plays a decisive role in the calculation of various molecular parameters. Common basis types include Gaussian [1] , Slater [2, 3] and, less often, Laguerre functions [4] . The methods of evaluating these integrals depend strongly on the orbital type. Since the integrals for Gaussian-type orbitals (GTOs) may be evaluated easily, these are the common choice for quantum chemistry. Slater-type orbitals (STOs) are less popular, since their multicenter integrals are difficult to evaluate.
It is desirable to replace GTOs with STOs, because the latter approximate the correct form of the solutions to the molecular Schrödinger equation more closely. They satisfy the cusp condition [5] and behave asymptotically as exp(−r) [6] . GTOs satisfy neither condition [7] . Thus there is continued interest in multicenter integrals over STOs.
Two-center one-electron molecular integrals (overlap and nuclear attraction integrals) represent a fundamental class of molecular integrals in calculating multicenter integrals for the HFR approximation by the Slater function translation method. In the literature, there are a number of formulas [8] , and the large body 0932-0784 / 04 / 1100-0743 $ 06.00 c 2004 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com of them consists of STOs with integer principal quantum numbers.
As is known from earlier works [9, 10] , STOs with noninteger principal quantum numbers (noninteger nSTOs) provide a more flexible basis for molecular calculations and also the orbital energies obtained by noninteger n-STOs are lower than those obtained by integer n-STOs [10] . A detailed discussion of the use of noninteger n-STOs in molecular calculations can be found in an excellent review article of Bishop [9g)].
In our previous papers we evaluated overlap and nuclear attraction integrals over integer and noninteger nSTOs [11 -17] . The aim of this work is to present a unified formula for the evaluation of two-center oneelectron molecular integrals (overlap and nuclear attraction integrals) over integer and noninteger n-STOs. Atomic units are used from this point onwards.
Definitions
The two-center one-electron molecular integrals examined in the present work have the following form:
Overlap Integrals:
(1)
Nuclear Attraction Integrals:
where
χ nlm (ζ , r a ) and χ nlm (ζ , r b ) are Slater type orbitals located on centers a and b. Other types of nuclear attraction integrals are not the aim of this work and therefore will not be studied here.
In the most general case, any STO is defined by
where the radial part is given by
in which Γ (n) indicates the gamma function [18] , ζ is the orbital exponent, and the angular part S lm (θ , ϕ) is a complex or real spherical harmonic [19] , defined by
In (3), P l|m| is a normalized associated Legendre function, which we re-defined recently as [20] P lm (cos θ ) = (−1)
with
and The orthonormal function Φ m (ϕ) in (6) is given by
for complex spherical harmonics, and
for real spherical harmonics, in which δ mn indicates the kronecker delta function.
The Expansion of the Product of two Normalized Associated Legendre Functions
For the evaluation of multicenter integrals as also (1) - (3) it is necessary to have an equation for the expansion of the product of two normalized associated Legendre functions centered on the nuclei a and b. Therefore we shall require, first, the product
Using the definition of the normalized associated Legendre function in (7) and the interrelation between elliptic and spherical polar coordinates, we have presented recently [12, 13] the following formula for the product of two normalized associated Legendre functions:
where the expansion coefficients a kk
, (14) and F m (N, N ) is the expansion coefficient in
defined by [20] 
The ranges of the summation indices are as follows:
The symmetry properties and recurrence relations for the expansion coefficients a kk us are given in the Appendix. Some different expansion formulae for the product of two associated Legendre functions can be found in [8j), 8k)]. Despite these different expansion formulae can be transformed into one another, they can not enable one to have the same satisfactory results due to their mathematical structure. It will be seen from the next Sections of this paper that our expansion formula enables us to obtain higher accuracy for arbitrary molecular parameters.
Unified Formula for Two-Center One-Electron Molecular Integrals over Integer and Noninteger n-STOs
Substituting (13) and (14) in the integrals given by (1) - (3), we express the two-center one-electron molecular integrals (overlap and nuclear attraction integrals) over integer and noninteger n-STOs in a linedup coordinate system by the following unified formula: (18) where
and the function Q s N,N (p,t) is an integral of the form
The accuracy of our formula for two-center oneelectron molecular integrals given by (18) depends strongly on the efficient calculation of the function Q s N,N (p,t). Using the expansion in (15) , this function can be easily expanded as
where the functions A k (p) and B k (pt) are well-known Mulliken's integrals [21] . A detailed discussion of these functions can be found in [22] and the Appendix of [12] . The auxiliary function Q s NN (p,t) for integers N and N has been described first in [8j)] and some usefull recurrence relations for this function can be seen in [8j)].
The presented expression (18) for two-center oneelectron molecular integrals is a unified formula for two-center overlap and two types of nuclear attraction integrals depending on the values of the couple (i, j). That is, the couples (i, j) in (18) are: (0,0) for twocenter overlap integrals, (1,0) for two-center nuclear attraction integrals U (A) , and (0,1) for two-center nuclear attraction integrals U (B) .
In the nonintegral case of (22), f m (N, N ) is given by
. Taking into account the asymptotic behavior of the gamma function [12] for m → ∞, the function f m (N) takes the form
Computational Results and Discussion
We have established a unified expression for the evaluation of two-center one-electron molecular integrals by the use of the expansion formula for the product of two normalized associated Legendre functions centered on the nuclei a and b. The obtained expression includes the expansion coefficients a kk us (lλ , l λ ), On the basis of the unified expression given by (18), we constructed computer programs for the evaluation of two-center one-electron molecular integrals over integer and noninteger n-STOs. The coefficients F m (N, N ), f m (N, N ) , a kk us (lλ , l λ ), and the auxiliary functions A k and B k are stored in the memory of the computer before the calculations and retrived from the memory during the calculation for reducing the computation time.
The comparative values of two-center overlap integrals over integer and noninteger n-STOs are given in Tables 1 and 2 , respectively, for a wide range of quantum numbers, orbital exponents and internuclear distances. As can be seen from Table 1 , the computer results for two-center overlap integrals over integer nSTOs are found to agree completely with the literature data [8a -f]. There arise some discrepancies with very high quantum numbers in [8g], in which three different algorithms have been presented for the evaluation of two-center overlap integrals over integer n-STOs with equal orbital exponents, and agreement between their two algorithms is found. Investigating the algorithm presented in [8g], it is understood that both algorithms start with the same set of auxiliary functions and starting points. At the same time, the staring point in the The numbers in parantheses denote the upper limit of the summation indices Q in (22) . Table 3 . Two-center nuclear attraction integrals over integer n-STOs (in a. u.). Table 4 . Two-center nuclear attraction integrals over noninteger n-STOs (in a. u.). The numbers in parantheses denote the upper limit of the summation indices Q in (22) .
two algorithms has been obtained with the recurrence relation. These two important points may be the cause of the discrepancies with our results. The computer results for two-center overlap integrals over noninteger n-STOs have been given in Table 2. Comparison with the study of Mekelleche and Baba-Ahmed [10] was made because of the scarcity of the literature on the evaluation of two-center overlap integrals over noninteger n-STOs. It is seen from Table 2 that the computer results agree well with their more recent results [10d)].
Numerical results for two-center nuclear attraction integrals over integer n-STOs are listed in Table 3 . Our computer results for two-center nuclear attraction integrals over integer n-STOs are in best agreement with the literature [10c), 23 -25] . Some examples of twocenter nuclear attraction integrals over noninteger nSTOs are presented in Table 4 with no comparison be-cause of the scarcity of the literature. The computer results for two center nuclear attraction integrals over integer n-STOs have been compared with the limiting case of noninteger n-STOs for checking our values, and best agreement has been obtained. Also, we note that our computer results for two-center overlap and nuclear attraction integrals agree well with the results obtained via the formula we presented recently [12, 13, 23] .
The computer time required for the calculation of two-center one-electron integrals is not given in the Tables because comparison can not be made for the different computers used in the literature. It is seen from the algorithm presented for two-center one-electron integrals that our CPU times are satisfactory. For instance: for two-center integrals with the quantum sets n = n = 7.3, l = l = 4, λ = 4, ζ = 3, ζ = 1, and R = 1, the CPU time takes about 2.3 milliseconds. So, the algorithm presented in this work is faster than others.
Consequently, the unified formulae given in this study for the evaluation of two-center one-electron molecular integrals over integer and noninteger nSTOs show a good rate of convergence and great numerical stability for a wide range of quantum numbers, orbital exponents and internuclear distances. Work is in progress for the evaluation of the multicenter molecular integrals over integer and noninteger n-STOs based on the computer results for two-center one-electron molecular integrals given in this paper.
The computer program is written in the Turbo Pascal 7.0 programming language on a Pentium 233 MHz computer. In all parts of the program double precision arithmetic is used.
